We compute the fermionic action for twisted spectral triples. Starting with the twisting of a closed riemannian manifold, then that of a two-sheet riemannian manifold, and finally the twisting of the spectral triple of electrodynamics in euclidean signature, we show how the fermionic action for twisted spectral triples yields the Weyl and the Dirac equations in lorentzian signature.
Introduction
Noncommutative geometry [14] offers various ways to build models beyond the standard model of elementary particles [SM] , recently reviewed in [23] and [12] . One of them [25, 27] consists in twisting by an algebra automorphism -in the sense of Connes, Moscovici [19] the SM spectral triple. This gives a mathematical justification to the extra scalar field introduced in [6] to fit the mass of the Higgs and to stabilize the electroweak vacuum. A significant difference with the construction based on spectral triples without first order condition [11, 10] , is that the twist not only yields an extra scalar field, but produces also a supplementary vector field X µ , whose meaning was rather unclear so far.
Connes' theory of spectral triples provides a spectral characterization of compact riemannian manifolds [15] , along with the tools for their noncommutative generalization [16] . Enlarging this program to the pseudo-riemannian case is notoriously difficult, and there is so far no completely convincing model of pseudo-riemannian spectral triples: several interesting results have been obtained in this context, see e.g. [30, 31, 2, 29] for some recent ones, however, there is no reconstruction theorem for pseudo-riemannian manifolds in view, and it is still unclear how the spectral action should be handled in pseudo-riemannian signature.
Quite unexpectedly, the twist of the SM, which has been introduced in a purely riemannian context, has something to do with the transition from the euclidean to the lorentzian. Indeed, the inner product induced by the twist on the Hilbert space L 2 (M, S) of euclidean spinors on a four-dimensional riemannian manifold M, coincides with the Krein product of lorentzian spinors [24] . Actually this is not so surprising, for the twist ρ coincides with the automorphism of B(L 2 (M, S)) that exchanges the two eigenspaces of the grading (in physicist's words: that exchanges the left and the right components of spinors). And this automorphism is nothing but the inner automorphism induced by the first Dirac matrix γ 0 = c(dx 0 ). This explains why, by twisting, one is somehow able to single out the x 0 direction among the four riemannian dimensions of M. However, the promotion of this x 0 to a "time direction" is not fully accomplished, at least not in the sense of Wick rotation [21] : indeed, regarding the Dirac matrices, the twist does not implement the Wick rotation, but its square:
ρ(γ j ) = −γ j = (iγ j ) 2 for j = 1, 2, 3.
Nevertheless, a transition from the euclidean to the lorentzian does occur, and the x 0 direction is actually promoted to a time direction, but this happens at the level of the fermionic action. This is the main result of this paper, that is summarized in propositions 4.5 and 5.10.
More specifically, starting with the twisting of a closed riemannian manifold, then that of a two-sheet riemannian manifold, and finally the twisting of the spectral triple of electrodynamics in euclidean signature [28] , we show how the fermionic action for twisted spectral triples, that was proposed in [24] , actually yields the Weyl and the Dirac equations in lorentzian signature. In addition, the extra vector field X µ mentioned above acquires a clear interpretation as the energy-momentum 4-vector.
The following two aspects of the twisted fermionic action explain how such a change of signature occurs:
• First, in order to guarantee that the fermionic action is symmetric when evaluated on Graßmann variables (which is an important requirement for the whole physical interpretation of the action formula, also in the riemannian case [9] ), one restricts the bilinear form A ρ Dρ that defines the action to the +1-eigenspace H R of the unitary operator R that implements the twist ρ; whereas in the non-twisted case, one restricts to the +1-eigenspace of the grading, in order to solve the fermion doubling problem. This different choice of eigenspace had been noticed in [24] but the physical consequences were not drawn. As already emphasized above, in the models relevant for physics, R = γ 0 , and once restricted to H R , the bilinear form A ρ Dρ no longer involves derivative in the x 0 direction. In other terms, the restriction to H R projects the riemannian fermionic action to what would constitute its spatial part in lorentzian signature.
• Second, let us recall that the twisted fluctuations of the Dirac operator of a 4-dimensional riemannian manifold are not necessarily zero [27, 32] , in contrast with the non-twisted case where those fluctuations always vanish. They are parametrized by the vector field X µ discussed previously. By interpreting the 0-component of this field as the 0-component of a the energy-momentum 4-vector, one is able to recover a derivative in the x 0 direction, but now with a Lorentz signature.
All this is detailed as follows. In section 2, we review known material regarding twisted spectral triples. We first recall how to make them compatible with the real structure ( §2.1), and how they naturally induce a new inner product on the initial Hilbert space( §2.2). Then we discuss what a covariant Dirac operator is in the twisted context, and the corresponding gauge invariant fermionic action it defines ( §2.3). We finally recall how to associate a twisted partner to a graded spectral triple ( §2.4).
In section 3, we investigate the fermionic action for the minimal twist of a closed riemannian manifold, that is, the twisted spectral triple which has the same Hilbert space and Dirac operator as the canonical triple of a manifold, but whose algebra is doubled in order to make the twisting possible ( §3.1). We show that twisted fluctuations of the Dirac operator are parametrized by the vector field X µ first discovered in [27] ( §3.2), and recall how to deal with gauge transformations in a twisted context, following the lines of [33] ( §3.3). We then compute the twisted fermionic action in §3. 4 , and show that it yields a lagrangian density similar to that of the Weyl equation in lorentzian signature, as soon as one interprets the 0 component of X µ as the time component of the energy-momentum 4-vector of fermions. However there are not enough degrees of freedom to deduce the Weyl equations for this lagrangian density.
That is why in section 4 we double the minimally twisted manifold ( §4.1), compute the corresponding twisted-covariant Dirac operator ( §4.2), and obtain the Weyl equations from the twisted fermionic action ( §4.3).
In section 5, we apply the same construction to the spectral triple of electrodynamics, proposed in [28] . Its minimal twist is written in §5.1, the twisted fluctuations are calculated in §5.2, for both the free part and the finite parts of the Dirac operator. The gauge transformations are studied in 5.3 and the Dirac equation in lorentzian signature for stationary fermions is obtained in §5. 4 .
We conclude with some outlook and perspective. The appendices contain all the required notations for Dirac matrices and Weyl & Dirac equations.
Fermionic action for twisted spectral geometry
We give a brief description of twisted spectral triples in §2.1, recall how the inner product canonically induced by the twist on the Hilbert space ( §2.2) permits building a fermionic action suitable for twisted spectral triples ( §2.3). The key difference with the usual (i.e. non twisted) case is that one no longer restricts to the positive eigenspace of the grading Γ, but rather that of the unitary R implementing the twist. Finally, we emphasize the "twist-bygrading" procedure, which naturally associates a twisted partner to graded spectral triples, with only minimal modifications of the latter ( §2.4).
Real twisted spectral triples
Twisted spectral triples have been introduced to build noncommutative geometries from type III algebras [19] . Later, they found applications in theoretical physics describing extensions of Standard Model, such as the Grand symmetry model [25, 27] . Definition 2.1 (from [19] ). A twisted spectral triple (A, H, D) ρ is a unital *-algebra A that acts faithfully on a Hilbert space H as bounded operators, 1 together with a self-adjoint operator D on H with compact resolvent, called Dirac operator, and an automorphism ρ of A such that the twisted commutator, defined as
is bounded for any a ∈ A.
As for usual spectral triples, a graded twisted spectral triple is one endowed with a Z 2 -grading Γ on H, that is, a self-adjoint operator Γ : H → H, satisfying
The real structure [17] easily adapts to the twisted case [32] : as in the non twisted case, one considers an antilinear isometry J : H → H, such that
where the signs , , ∈ {±1} determine the KO-dimension of the twisted spectral triple (the last equation makes sense only in KO-dimension even, in odd dimension there is no grading). In addition, J is asked to implement an isomorphism between A and its opposite algebra
One requires this action of A • on H to commute with that of A (the order zero condition),
so that to define a right representation of A on H:
The part of the real structure that is modified is the first order condition. In the nontwisted case, it writes [[D, a], b
• ] = 0 ∀a, b ∈ A; in the twisted case, this becomes [27, 32] [
where ρ • is the automorphism induced by ρ on the opposite algebra:
1 For brevity of notation, from now on and wherever applicable, we use a to mean its representation π(a). Thus, a * denotes π(a * ) = π(a) † , where * is the involution of A and † is the Hermitian conjugation on H.
Definition 2.2 (from [32]).
A real twisted spectral triple is a graded twisted spectral triple, together with a real structure J satisfying (4) and the first & second order conditions (6), (8) .
In case the automorphism ρ coincides with an inner automorphism of B(H), that is
where R ∈ B(H) is unitary, then ρ is compatible with the real structure J as soon as
Remark 2.3. In the original definition [19, eq. 3.4] , the automorphism is not required to be a -automorphism, but rather to satisfy the regularity condition ρ(a * ) = ρ −1 (a) * . If, however, one requires ρ to be a -automorphism, then the regularity condition implies
Other modifications of spectral triples by twisting the real structure have been proposed [3] . Interesting relations with the above twisted spectral triples have been worked out in [4] .
Twisted inner product
Given an Hilbert space (H, ·, · ) and an automorphism ρ of B(H), a ρ-product ·, · ρ is an inner product satisfying
where † is the Hermitian adjoint with respect to the inner product ·, · . One calls
the ρ-adjoint of the operator O. If ρ is inner and implemented by a unitary operator R on
The ρ-adjointness is not necessarily an involution. If ρ is a -automorphism (for instance if ρ is inner), then + is an involution if and only if (12) holds, for
The same condition comes out in a twisted spectral triple, if one defines ρ-adjointness solely at the level algebra, that is a + := ρ(a) * without assuming that ρ ∈ Aut(A) extends to an automorphism of B(H)). Indeed, assuming the regularity condition of remark 2.3 (written ρ(b)
, one then gets
Twisted fermionic action
The fermionic action associated to a real graded spectral triple (A, H, D; J, Γ) is a gauge invariant quantity of Graßmann nature, constructed from the bilinear form
defined by the covariant Dirac operator [16] D ω := D +ω + JωJ −1 , where ω is a self-adjoint element of the set of generalized one-forms
It is defined as [18, 5] 
whereψ is a Graßmann vector in the Fock spaceH + of classical fermions, corresponding to the positive eigenspace H + ⊂ H of the grading Γ, that is, 
is not automatically zero in dimension 2 or 4 (which are the ones relevant for the physical models).
The fermionic action S f associated to the spectral triple of Standard Model (which has KO-dimension 2) contains the coupling of the fermionic matter with fields (scalar, gauge, gravitational), and integrating exp(S f ) overH + gives the fermionic functional integral [5] . Before proceeding to the twisted case, let us recall how the symmetry properties of A Dω do not depend on the explicit form of the Dirac operator, but solely on the signs , in (4) . This observation will be useful in the rest of the paper.
Lemma 2.5. Let J be an antilinear isometry on a Hilbert space H, with inner product ., . , such that J 2 = I. Let D be a selfadjoint operator on H such that JD = DJ. Then
Proof. By definition, an antilinear isometry satisfies Jξ, Jφ = ξ, φ = φ, ξ . Thus
In particular, in KO-dimension 2, 4 one has = −1, = −1 so that A D is antisymmetric; while on KO-dimension 0, 6, one has = = 1 so that A D is symmetric.
In twisted spectral geometry, the fermionic action is constructed [24] substituting D ω with
where ω ρ here is an element of the set of twisted one-forms,
such that D ωρ is self-adjoint 2 ; and by replacing the inner product with the ρ-product (13) (or (15) in case ρ is compatible with the twist in the sense of (11)). Instead of (18) , one defines the bilinear form thusly
A gauge transformation -in the non-twisted case -is the simultaneous adjoint action of the unitaries group of A, both on H,
and on the Dirac operator:
In the twisted case, one considers the same action (26) on H, but the Dirac operator transforms in a twisted way [33] :
In case ρ is compatible with the real structure in the sense of (11), then the bilinear form (25) is not guaranteed, unless one restricts it to
This has been discussed in [24, Prop. 4.2] and led to the following Definition 2.6. For a real twisted spectral triple (A, H, D; J) ρ , the fermionic action is
whereψ is the Graßmann vector associated to ψ ∈ H R .
In the spectral triple of the Standard Model, the restriction to H + is there to solve the fermion doubling problem [XX] . It also selects out the physically meaningful elements of H = L 2 (M, S) ⊗ H F , that is those whose chirality as spinors in L 2 (M, S) coincides with their chirality as the elements of the finite dimensional H F . In the twisted case, the restriction to H R is here to guarantee that the bilinear form A ρ Dω ρ is antisymmetric. But eigenstates of R may not have a well defined chirality. Actually they cannot have it when the twist comes from the grading (see §2.4 below), since the unitary R that implements the twist (given by (36)) anticommutes with the chirality Γ = diag (I H+ , −I H− ), so that
From a physical point of view, by restricting to H R rather than H + , one looses the advantages listed in the remark above. However, we show in the following that -at least in two examples (a manifold and the almost commutative geometry of electrodynamics) -the restriction to H R is actually quite meaningful, for it allows to obtain the Weyl and Dirac equations in the lorentzian signature, even though one starts with a riemannian manifold.
Before showing that, let us conclude this section with an easy but useful lemma, stressing that once restricted to H R , the bilinear forms (18) and (25) differ only by a sign.
Lemma 2.7. Given D, and R compatible with J in the sense of (11), one has
Proof. For any ψ, φ ∈ H R , we have
where we used (11) as R † J = JR † and (28) as R † ψ = ψ
Minimal twist by grading
The twisted spectral triples that have been employed recently in physics to go "beyond Standard Model" are built by minimally twisting a usual spectral triple (A, H, D). The idea is to substitute the commutator [D, ·] with a twisted one [D, ·] ρ (2), while keeping both the Hilbert space and the Dirac operator intact, because they encode the fermionic content of the theory and there is, so far, no experimental indications of extra-fermions beyond those of the Standard Model. The substitution of the commutator with a twisted one permits to produce new bosons [25, 27] that make the theoretical mass of the Higgs boson compatible with its experimental value [6] , and offer a way out to the issue of the metastability of the electroweak vacuum. The price to pay to be able to twist the commutator is that one needs to enlarge the algebra.
Definition 2.8 (from [32]).
A minimal twist of a spectral triple (A, H, D) by a unital * -algebra B is a twisted spectral triple (A ⊗ B, H, D) ρ where the initial representation π 0 of A on H is related to the representation π of A ⊗ B on H by
where I B is the identity of the algebra B.
If the initial spectral triple is graded, a natural minimal twist may be obtained noticing that, since the grading Γ commutes with the representation of A, the latter is actually a direct sum of two representations. Therefore, one has enough space on H to represent twice the algebra A: once on the positive eigenspace H + of H (spanned by the eigenvectors with eigenvalue +1), and once on the negative eigenspace H − . It is tantamount to taking B = C 2 in the definition 2.8,
where p ± := 1 2 (I ± Γ) and π ± (a) := π 0 (a) |H± are, respectively, the projections on H ± and the restrictions on H ± of the representation π 0 of A on H. If π ± are faithful, then
is indeed a twisted spectral triple, with the same grading Γ. Furthermore, if the initial spectral triple is real, then so is this minimal twist, with the same real structure [32] .
3
The flip ρ is a -automorphism (it obviously satisfies (12)), and coincides on π(A ⊗ C 2 ) with the inner automorphism of B(H) implemented by the unitary operator given, in the decomposition H = H + ⊕ H − , by the matrix
The canonical ρ-product (15) associated with the minimal twist of a closed riemannian spin manifold of dimension 4 turns out to coincide with the Lorentzian Krein-product on the space of lorentzian spinors [24] . The aim of this paper is to show that a similar transition from the euclidean to the lorentzian also occurs in the fermionic action.
We first investigate how this idea comes out, by studying the simplest example of the minimal twist of a manifold. This permits to introduce some notations that are used all along the paper. Then, we show how to recover the Weyl equation in lorentzian signature by doubling the twisted manifold, then Dirac equation by minimally twisting the spectral triple of electrodynamics in [28] .
Fermionic action for minimally twisted manifold
We compute the fermionic action for the minimal twist of a closed riemannian manifold M. We fix the dimension of M to 4 for simplicity, and because this is the dimension most relevant for physics. This means that the signs fixing the KO-dimension in (4) are
Minimal twist of a riemannian manifold
The minimal twist of M is the real, graded, twisted spectral triple
where
is the Hilbert space of square integrable spinors, with inner product (dµ is the volume form)
and ð := −i 
Decomposing L 2 (M, S) = H + ⊕H − as the direct sum of the eigenspaces
where each of the two copies of C ∞ (M) acts independently and faithfully by pointwise multiplication on
It coincides with the inner automorphism of B(H) implemented by the unitary
which is nothing but the Dirac matrix γ 0 . By explicit computation, one checks that the twist is compatible with the real structure in the sense of (11) with
The following relations between the γ matrices on the one side, and the twist or the real structure on the other side, will be used in many computations in this paper. 
Proof. The first equation (45) is checked by direct calculation, using the explicit form of the Dirac matrices, together with (41) as well as (writing ρ(a) for π M (ρ(a)))
The second equation (45) comes from (12) . Eq. (46) follows noticing that J having constant components, one has 
Twisted-covariant Dirac operator
This has been shown in [32, Prop. 5.3] , in contrast with the non-twisted case, where selfadjoint fluctuations of the Dirac operator always vanish, whatever the dimension [16] . However, in [32] one imposes the selfadjointness of ð X , without requiring ω ρ to be necessarily selfadjoint. One may worry that the non-vanishing of X is an artifact of this choice, and that X may actually vanishes as soon as one also requires ω ρ = ω † ρ . The following lemma makes this point clearer. 
Proof.
with W µ defined in (50),
where the last equality follows from (45), applied to W µ viewed as element of
, that is, going back to the explicit form of γ µ ,
Multiplying the first equation by σ λ and using Tr σ λ σ µ = 2δ µλ , then (56) impliesh µ = − h µ , which obviously implies (56). Hence ω ρ = ω † ρ is equivalent to the first equation (52). Further, we have
using J γ µ = −γ µ J (from 46, 37)), together with J W µ = W † µ J (from (40) and the explicit form (50) of W µ ). Therefore,
which is nothing but (51), identifying
One checks in a similar way as above that ω ρ + J ω ρ J −1 is selfadjoint iff holds the second eq.(52).
Imposing that ω ρ = 0 be selfadjoint, that is imposing (52) with h µ = 0, does not imply that X µ vanishes. It does vanish if h µ is purely imaginary, for then h µ +h µ = 0 and (52) imposes that h µ is also purely imaginary, so that h µ +h µ also vanishes, hence X µ = 0. But for h µ non purely imaginary, then the selfadjointness of ω ρ does not forbid a non-zero twisted fluctuation.
Gauge transformation
For a minimally twisted manifold, not only is the fermionic action (29) invariant under a gauge transformation (26)- (27) as explained in §2.3, but (in dimension 0 and 4), the operator D ωρ is itself invariant [33, prop. 5.4] . It is interesting to check it explicitly by studying how transforms the field h µ that parametrizes the twisted one-form ω ρ in (50). Such a formula will be useful also in the example of electrodynamics, A unitary of A = C ∞ (M) ⊗ C 2 is u := (e iθ , e iθ ) with θ 1,2 ∈ C ∞ (M, R). Omitting the symbol of representation (41), it (and its twist) act on H as
Proposition 3.3. Under a gauge transformation with unitary u ∈ C ∞ (M) ⊗ C 2 , the fields h µ , h µ parametrizing the twisted 1-form ω ρ in (50) transform as
For
where we have used the following identity:
as well as (45) written for a = u. Therefore, Y µ −→ Y µ + u∂ µ u * , which with the explicit representation of Y µ (50) and u (59) reads
Although h µ and h µ transform in a nontrivial manner, their real part is invariant:
and similarly for h µ . Since these are these real parts that enter the definition 50 of X, this explains why the latter is invariant under a gauge transformation. Notice that this is true whether X is selfadjoint or not. In case ω ρ is not selfadjoint, the imaginary part
is not invariant under a gauge transformation, and transforms as
We come back to this point while discussing the gauge transformation in electrodynamics, where a similar phenomena appears in (142, 143).
Fermionic action
To compute the fermionic action for a minimally twisted manifold, we first need to work out the eigenspace H R defined in (28) .
Lemma 3.4. An eigenvector φ ∈ H R is of the form φ := ϕ ϕ where ϕ is a Weyl spinor.
Proof. The +1-eigenspace of R = γ 0 (see (43)) is spanned by
We now proceed to the computation of the fermionic action (29).
Proposition 3.5. Let ð X be the twist-fluctuated Dirac operator (48). For φ, ξ ∈ H R , the symmetric bilinear form (25) is
with ϕ, ζ the Weyl components of φ, ξ respectively, and f 0 the zeroth-component of f µ in (49).
Proof. One has the following relations:
By lemma 2.7 and equation (44), one has
Noticing that (σ 2 ) † = σ 2 and σ 2 † = −σ 2 (see Appendix A.2), and using
the integrand in (67) is
where in the last line we use
The fermionic action is obtained putting φ = ξ in (67), then substituting the components ζ of ξ with a Grassmannian variableζ:
The striking fact in (69) is the disappearance of the derivative in the x 0 direction, and the appearance instead of the f 0 component of the function parametrizing the twisted fluctuation. This derivative can be restored interpreting −if 0 ζ has ∂ 0 ζ, that is assuming that
Denoting σ µ M = {I 2 , σ j } the upper-right components of the minkowskian Dirac matrices (see (165)), the integrand in the fermionic action then reads (with summation on the µ index)
This looks like the Weyl lagrangian densities (170)
but for the σ 2 M matrix, that prevents to simultaneously identifyζ with Ψ r and − ζ † σ 2 M with iΨ † r (except if ζ = 0). Nevertheless, we shall pursue in this direction in the next section, and show that the identification of the twisted fermionic action with the Weyl action is possible as soon as one multiply the manifold by a two point space.
Doubled manifold and the Weyl equations
In constructing a spectral triple for electrodynamics, the authors of [28, §3.2] first consider, as an intermediary step, the product of a manifold with a finite dimensional spectral triple
This model describes a U (1) gauge theory which, however, fails to describe classical electrodynamics for two reasons discussed at the end of §3 in [28] : first, the finite Dirac operator being zero, the electrons are massless; second, H F is not big enough to capture the required spinor degrees-of-freedom. More precisely, with the fermionic action (18), there is room for only one arbitrary Dirac spinor, whereas two of those, independent of each other, are needed to describe a free Dirac field, cf. [13, pg. 311]. None of the above arises as an issue if one wishes to obtain the Weyl lagrangian, since the Weyl fermions are massless anyway, and they need only half of the spinor degrees-of-freedom as compared to the Dirac fermions.
Minimal twist of a two-point almost commutative geometry
The product -in the sense of spectral triple -of a four dimensional closed riemannian manifold M with the 2-point space (73) is
with real structure J = J ⊗ J F and grading Γ = γ 5 ⊗ γ F , where ð, J , γ 5 are in 40, while
in the orthonormal basis {e,ē} of H F = C 2 . The algebra A a := (f, g) acts on H as
Following §2.4, the minimal twist of (74) is given by A ⊗ C 2 represented on H as
for a := (f, g), a := (f , g ) ∈ A; with twist
In both equations above, we denote
where π M is the representation of
Twisted fluctuation
Following the convention in (48), given
Notice thatZ is not the complex conjugate of Z, since in (80) the complex conjugation does not act on the Dirac matrices. This guarantees that¯and commute, not only for Z µ , i.e. Z µ = (Z µ ) , but also for Z:
The notationZ is thus unambiguous, and denotes indistinctly the two members of (81).
Lemma 4.1. For any F, G, Z µ as above, one has
Proof. Eq. (45) written for a = F gives F γ µ = γ µ F . In addition, as in (53), one has
Thus
is the first eq. (82). The second equation comes from
where we used (46), as well as (remembering that in KO-dimension 4, one has
where we notice that Z † µ =Z µ , from the explicit form (41) of π M .
where f µ , f µ and g µ , g µ denote the real and imaginary parts of
Proof. Define
Then, from (77) and (78) one gets
so that, for (a, a ) as in (77),
where we used (82) with
The explicit form of the real structure and its inverse,
together with the first equation (82), yield
Summing up (94) and (97), one obtains (101)
where Z := P +Q . Going back to the definitions (95) of P µ , Q µ ; (92) of V, W and (79) of F , G, one has Z = −iγ µ Z µ for
By (91), this writes as
Similarly,Z = −iγ µZ µ withZ µ = X µ − iY µ . Hence (98) yields
which is nothing but (89. 
where ð X is the twisted covariant operator (48) of a manifold.
Proof. A generic twisted fluctuation ω ρ + J ω ρ J −1 of the doubled manifold is of the form (98) (one should add a summation index i, then redefine Z = i Z i ). This is selfadjoint if and only if Z = Z † andZ =Z † . By (81), and the third equation (82), both conditions are equivalent to Z = −Z , that is −iγ µ Z µ +Z µ = 0. As below 56, this is equivalent to Z µ = −Z µ . From the explicit form (99) of Z µ , this last condition is equivalent to
Then in (90) one has
so that (89) gives
The result follows adding ð ⊗ I 2 .
Prop. 4.3 shows that selfadjointness directly reads into the bold notation: eq. (103) shows that Z = X ⊗ I 2 + iY ⊗ γ F is selfadjoint iff X = −X and Y =Ȳ, that is, from the third equation (82) 
Weyl equations from the twisted fermionic action
The unitary that implements the action of ρ on H is R = γ 0 ⊗ I 2 . It has eigenvalues ±1 and is compatible with the real structure in the sense of (11) with = −1. A generic element η in the +1-eigenspace H R is η = ξ ⊗ e + φ ⊗ē,
where ξ, φ ∈ L 2 (M, S) are Dirac spinors with Weyl components ϕ, ζ.
Proposition 4.4. Let η, η be two elements in H r , with ζ , ϕ the components of ξ , φ in the decomposition (106) of η . Then
Proof. For η ∈ H R given by (106), remembering that J F e =ē and J Fē = e, one has
So lemma 2.7 with = −1 yields
where the second line comes from (67). The result then follows from proposition 3.5.
The twisted fermionic action is obtained putting η = η in prop. 
The factor 4, instead of 2 in the case of the minimally twisted manifold (63) is due to the fermion doubling, that is the fact that the manifold is multiplied by a two point space.
Proposition 4.5. Corresponding to the fermionic action (107), the lagrangian
describes a stationary Weyl fermion, with respect to the time coordinate x 0 .
Proof. Comparing (108) with the Weyl lagrangian (170), we identify the Weyl spinors as:
Then (108) gives back the Weyl lagrangian as soon as
The other Weyl equation is obtained identifying instead Ψ r :=φ and Ψ † r := iζ † σ 2 , implying
Identifying the x 0 coordinate with the time t, for f 0 > 0, these are, respectively, the leftmoving (or, left-handed) and the right-moving (or, right-handed) plane wave solutions of the Weyl equation for a Weyl fermion at rest. 
Minimal twist of electrodynamics and Dirac equation
We first introduce the spectral triple of electrodynamics (as formalized in [28, 37] ). Then, we extend the recipe of minimal twisting prepared in §2.4 to write down the minimal twist of electrodynamics ( §5.1). We compute the twisted fluctuation in § 5.2 and observe in particular that, as in the non-twisted case, the finite dimensional part of the Dirac operator does not fluctuate. Gauge transformations are investigated in § 5.3: in addition to the X µ field already encountered for the minimal twist of the (doubled) manifold, we get in addition a U (1) gauge field. Finally, we compute the fermionic action in §5.4 and derive the lorentzian Dirac equation from it, following the lines of §4.3.
Minimal twist of electrodynamics
The spectral triple describing electrodynamics is product of a riemannian manifold M (that we still assume to have dimension 4) by a two point space like (73), except that D F is no longer zero (fermions have masses). In order to verify the axioms of noncommutative geometry, this forces to enlarge the finite dimensional Hilbert space H F from C 2 to C 4 (see [28, 37] 
for details). Hence the spectral triple of electrodynamics is
where ð, J , γ 5 are as in (40), d ∈ C is a constant parameter, and
Inner fluctuations are parametrized by a single
carrying an adjoint action of a unitary u := e iθ ∈ C ∞ (M, U (1)) on D ω , implemented by
Computing the action (fermionic and bosonic, via the spectral action formula), one gets that this fields is the U (1) gauge potential of electrodynamics.
A minimal twist of electrodynamics is obtained by replacing A ED by A = A ED ⊗ C 2 along with its flip automorphism ρ (35), with the representation π 0 of A defined by (34) . Explicitly, 
so that the projections p ± = 1 2 (I 16 ± Γ) on the eigenspaces H ± of H are
Therefore, for (a, a ) ∈ A, where a : 
and is compatible with the real structure in the sense of (11) with the same value = −1 as for the minimal twist of a manifold.
Twisted fluctuation of the Dirac operator
The twisted commutator [D, a] ρ being linear in a (with respect to the sum), we treat separately the free part ð ⊗ I 4 and the finite part γ 5 ⊗ D F of the Dirac operator in § 5.2.1. The results are summarized in Prop. 5.6.
The free part
The self-adjoint twisted inner fluctuation of ð⊗I 4 is parametrized by two real fields (Prop. 5.3). One we relate with the anticipated X µ field arising from the minimal twist of a manifold (48) and another one with the familiar U (1) gauge field Y µ of electrodynamics. To get this, we need a couple of preliminary lemmas. 
where we use the notation (80) for
with F, F , G, G as in (79), and V, V , W, W as in (92).
Proof. Using (116, 117) written for (b, b ), one computes
The result follows multiplying by (117), then using 82.
Lemma 5.2. With the same notations as the precedent lemma, one has
with
Z :=P + Q ,Z :=P + Q.
Proof. Using the explicit form of J = J ⊗ J F with J F in (110), one gets from (119) and lemma 4.1
Adding up with (119), the result follows. 
parametrized by f µ , g µ ∈ C ∞ (M, R), with I := diag(1, −1, 1, −1), I := diag(1, 1, −1, −1).
Proof. From (123), it follows that Z is selfadjoint if, and only if,
From the third equation (82) and (81), all of these four conditions are equivalent and boil down to Z = Z † . This is the condition already encountered in the proof of 4.2, and yields, see (104),
where X µ := f µ γ 5 and Y µ := g µ I 4 ,with f µ and g µ defined as in (91). Going back to (123), one obtains
hence (126).
Expectedly, substituting ρ = Id in the minimal twist of electrodynamics, one returns to the non-twisted case of (109). Since, ρ = Id is tantamount to equating (116) with (117), it, effectively, identifies the 'primed' functions (f , g , · · · ) with their 'un-primed' partners (f, g, · · · ). Hence Z = Z. Imposing selfadjointness, one gets Z = −Z. Going back to (128), this yields f µ = 0, and, therefore, X µ vanishes.
Remark 5.4. Imposing the selfadjointness of the twisted 1-form ω ρM amounts to
This implies -but is not equivalent -to imposing the selfadjointness of ω ρM + J ω ρM J −1 ,
As for the minimal twist of a manifold (see below lemma 3.2), the relevant point is that (130) does not imply that the twisted fluctuation Z be zero. The final form of the twist-fluctuated operator is the same, whether one begins with (130) or (131). What differs is the relation between the real field f µ , g µ and the components of (a, a ), (b, b ) that enters the definition of ω ρM .
The finite part
In the spectral triple of electrodynamics, the finite part γ 5 ⊗ D F of the Dirac operator D (109) does not fluctuate [28] , for it commutes with the representation π 0 (111) of A ED . The same is true for the minimal twist of electrodynamics.
Proof. This follows from the vanishing of the twisted commutator γ 5 ⊗ D F , π(a, a ) ρ : with the representations (116, 117), one calculates that (γ
where F , F , G, G (79) being diagonal, commute with γ 5 .
The results of §5.2 summarize in the following 
is given by Prop. 5.3.
Going back to the explicit formula (132) of Y, one has that the later has the same form as the electrodynamics potential Y µ (113) in the non-twisted case. This identification is confirmed in the next section, where we show that Y transforms as the electrodynamics potential. Furthermore, the twisted fluctuation also generate a X field similar to the one of the minimally twisted manifold, that is gauge invariant and inducing a transition from the euclidean to the lorentzian, in the same vein as the one exhibited in §4.3.
Gauge transformation
We discuss the transformation of the fields parametrizing the twisted fluctuation Z, following §3.3, Let u := (e iα , e iβ ) and u := (e iα , e iβ ) be unitaries of A ED , with α, α , β, β ∈ C ∞ (M, R). A unitary of A ED ⊗ C 2 is of the form (u, u ), with representation
where, similar to (79), we denote
Proposition 5.7. Under a gauge transformation (27) implemented by a unitary (u, u ) (133), the field (z µ , z µ ) which parametrize the twisted covariant operator D Z of proposition 5.6 transforms as
Proof. Since γ F ⊗ D F twist-commutes with the algebra, in the law of transformation of the gauge potential (61), it is enough to consider only ð ⊗ I 4 . Thus ω ρM in (123) transforms to
where following the identity (62), we have written
Thus, with the representation (133) of (u, u ) and ω ρ M from Lem. 5.1, one obtains
Using that A commutes with P µ and Q µ , this means
and equivalent equations for P and Q. In other terms,
implying, for
With the representations (128) of Z µ (recalling that z µ = f µ + ig µ ) and (134) of A and B, eq. (140) reads
By imposing that both Z and its gauge transformed are selfadjoint, that is z µ = −z µ and z µ − i∂ µ ϑ = −z µ − i∂ µ ϑ, one is forced to identify ϑ = ϑ. Then, the transformation of z µ in terms of its real and imaginary components:
implies for the fields X µ = f µ γ 5 and Y µ = g µ I 4 of Prop. 5.3 that X µ stays invariant, while Y µ undergoes a nontrivial transformation, induced by
In the light of (113), this identifies g µ as the U (1) gauge field of electrodynamics.
Lorentzian Dirac equation from twisted Fermionic action
In the twisted covariant Dirac operator (132), the component g µ of Y µ is the electrodynamics gauge potential. The interpretation of the field X follows from the computation of the fermionic action. To calculate it, we first need to identify the eigenvector of the unitary R that implements the twist. 
where Φ k ∈ L 2 (M, S) are Dirac spinors with Weyl components ϕ k , while {e l , e r , e l , e r } is the orthonormal basis for the finite dimensional space H F = C 4 .
Proof. R has eigenvalues ±1 and its eigenvectors corresponding to the eigenvalue +1 are: ε 1 = υ 1 ⊗ e l , ε 2 = υ 2 ⊗ e l , ε 3 = υ 1 ⊗ e r , ε 4 = υ 2 ⊗ e r , ε 5 = υ 1 ⊗ e l , ε 6 = υ 2 ⊗ e l , ε 7 = υ 1 ⊗ e r , ε 8 = υ 2 ⊗ e l , where υ 1 := ( 1 0 ) ⊗ ( 1 1 ) , υ 2 := ( 0 1 ) ⊗ ( 1 1 ) denote the eigenvectors of γ 0 , as in Lem. 3.4. Thus, η = 8 j=1 φ j ε j = (φ 1 υ 1 + φ 2 υ 2 ) ⊗ e l + (φ 3 υ 1 + φ 4 υ 2 ) ⊗ e r + (φ 5 υ 1 + φ 6 υ 2 ) ⊗ e l + (φ 7 υ 1 + φ 8 υ 2 ) ⊗ e r = Φ 1 ⊗ e l + Φ 2 ⊗ e r + Φ 3 ⊗ e l + Φ 4 ⊗ e r , where D µ := ∂ µ − ig µ is the covariant derivative associated to the electromagnetic fourpotential g µ (143). 
Putting Ξ = Φ, then substituting Φ with a Graßmannian spinorΦ, the sum of (150), (151) and (153) gives 
The result then follow from lemma 5.9.
The lagrangian density corresponding to the fermionic action S 
